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ABSTRACT

The classical development of neural networks has primarily focused on learning
mappings between finite-dimensional Euclidean spaces. Recently, this has been
generalized to neural operators that learn mappings between function spaces. For
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PDE Solver
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PDE Solver

a(x) - g - 1(x)
Input function operator Output function
inrtial/boundary PDE solver solution field
condrtions

initial temp oT , temp fielc
T(x, 0) = — eV T(x 1)

source current Maxwell's equations electric fielc
J(Xy) =(X, Y)



Neural Operator

a(x) —> G —> 1(x)
neural net learns operator &
train with paired data; {a(x)®, u(x)WY

can be evaluated at any resolution (not tied to grid used In training)
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Linear Boundary Value Problems
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Linear Boundary Value Problems

Zu(x) = f(x)

d? d
&L = a(x)— + b(x)— + c(x) (for example)
dx? dx

ZG(x,y) = o(x —y)
Green’s function / \ Dirac delta function

u(x) = JG(x, V) (y)dy



Moving towards a neural net approach
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Moving towards a neural net approach

u(x) = JG(x, V) (v)dy (linear PDEs)

for nonlinear PDEs we use iterative approaches
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Moving towards a neural net approach

u(x) = JG(X, V) (v)dy (linear PDEs)

for nonlinear PDEs we use iterative approaches
Vo Vi V= Loy
a(x) u(x)
s neural network

Vip1(X) = JKQ(Xa yIVA(y)dy
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Moving towards a neural net approach

Vip1(X) = JKe(x, V)V (y)dy

Vi (X)) =0 (th(x) T J Ky(x, Y)Vt()’)d)’)

/ 7
activation function
pointwise linear transform



Vo> Vi Vo= ooV,

NN: [ift to NN: project back to
higher dimension targer dimension

a(x) a(x)

NOTE: not an autoencoder

| x| convolutions to lift in channel dimension



| x| convolution

8 X 8 X 3 | X | X 3 XI5 8 X 8 X5

| | out channels
N channels kernel size

nn.ConvZ2d(in_channels=3, out_channels=5, kernel_size=1)
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Fourier [ransform
J Ké’(x B )Vt()’ )dy

[ Ky (x —y)v(y)dy  (assumption)

D

= (K, *v) (convolution integral)
= F 1 (F(Ky) - F ()

=F ' (Ry- F(»))



Fourier layer 1
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Fourier Filters

https://zongyi-li.github.io/blog/2020/fourier-pde/
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Many OtherVariants

‘

Airfoil Flow (Geo-FNO) Darcy Flow (GANO) Kolmogorov Flow (PINO)  Navier Stokes (FNO) Weather model (FourcastNet)



DeepONet
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DeepONet: Learning nonlinear operators for identitying differential
equations based on the universal approximation theorem of
operators

Lu Lu!, Pengzhan Jin?, and George Em Karniadakis'
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’LSEC, ICMSEC, Academy of Mathematics and Systems Science, Chinese Academy of Sciences,
Beijing 100190, China

Abstract

While it is widely known that neural networks are universal approximators of continuous functions,
a less known and perhaps more powerful result is that a neural network with a single hidden layer can



---------------------------- . Neural Network for
LN Operator Approximation
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Pointwise prediction (like PINN)

fisure adapted from Shual Guo, Operator Learning via Physics-Informed

DeepONet



Branch Net
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Dot Product
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Trunk Net
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Shual Guo, Operator Learning via Physics-Informed DeepONet



