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Dynamic systems

dy(t)
dt

= f(y(t)) (continuous time)

yk+1 = F(yk) (discrete time)

linearnonlinear

dy
dt

= Ay

yk+1 = Lyk



Koopman operator

g(yk+1) = 𝒦g(yk)

zk+1 = Kzk (finite dimensional approximation)
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Simple Example

yk+1 = y2
k

g(y) = log |y |

g(yk+1) = log |yk+1 | = log |y2
k | = 2 log |yk | = 2g(yk)
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Y′￼ ≈ AY

Y =
∣ ∣ ∣
y1 y2 … ym−1

∣ ∣ ∣

Y′￼ =
∣ ∣ ∣
y2 y3 … ym

∣ ∣ ∣
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Extended DMD

z = ϕ(y)

ϕ(y) = [y1, y2, y1y2, y2
1 , log(y1)]

zk+1 = Kzk

yk+1 = Ayk (assume linear)

Dynamic Mode Decomposition



Neural Koopman

z = ϕ(y) encoder

enforce linearity∥zk+1 − Kzk∥

state prediction∥yk+1 − ψ(zk+1)∥
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reconstruction loss ∥y − ψ(ϕ(y))∥

linear dynamics
1

nt − 1

nt−1

∑
i=1

∥ϕ(yi) − Kϕ(yi−1)∥

state prediction 1
nt − 1

nt−1

∑
i=1

∥yi − ψ(Kϕ(yi−1))∥



class Network(nn.Module):

    def __init__():

        self.encoder = nn.Sequential(…) 

        self.K = nn.Parameter(K0, requires_grad=True)

model = Network()

optimizer = Adam(model.parameters(), lr=lr)
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As always, be careful with sizes

Znext = KZ
Z : nz × nb

K : nz × nz

Xdata : nb × nt × nx Z0 = encode(X[:, 0, :])

ZT
next = ZTKT Z1 = torch.matmul(Z0, K.T)





SINDy plus autoencoder




