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Dynamic systems

nonlinear Inear

dy_

_ A
a0

— = f(y(?)) (continuous time)

dy(1)
dt

Yig1 = £ () (discrete time) Vir1 = Ly



Koopman operator

gVir1) = ZgW)

Ziyr1 = Kz (finite dimensional approximation)



Simple Example

Yi+1 = Yk



Simple Example

Yik+1 = ylg

g(y) = log|y]



Simple Example

Yi+1 = )’kz

g(y) = log|y]

gsp) = log |y | =log|yi| = 21log|y.| = 2g(y,)



Heliocentrism Geocentrism

Malin Christersson



Dynamic Mode Decomposition

Vir1 = AVe  (assume linear)

| |
Y = Yi Yo oo Yim—1

| |
Y — Y V3 ... YV,

Y~ AY



Dynamic Mode Decomposition -xtended DMD
Yie1 = AV (assume linear) z2=¢(y)

| ‘ ‘ ¢(y) — [Y1aY2a)’1Y2a)’12, log(yl)]

yY=1y1 Y2 - Ymu-1
| | 21 = Kz

| |
Y' = Yo Y3 .o Yy

Y~ AY



Neural Koopman

z=@(y) encoder
121 — Kzl enforce linearity

| Vir1 — W@ state prediction
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d(y)

encoder

L1 = K7

$het-1

w(z)

decoder

Yi+1



e $k+1

P(y) I Zt1 = K7 I w(z)

encoder decoder

reconstruction loss |y — w(pW))||

Inear dynamics

1 n—1
—— ) 160 = Kp(yipl
: i=1

state prediction

1 n—1
Dy — wKp, )
=1

n—1~+



class Network(nn.Module):
def __1init__Q):
self.encoder = nn.Sequential(..)

self.K = nn.Parameter(K@, requires_grad=True)

model = Network()

optimizer = Adam(model.parameters(), Llr=1r)



As always, be careful with sizes

/ .= KZ

next



As always, be careful with sizes

7 Kz K : n,xXn,

Z:.n,Xn,



As always, be careful with sizes

7 Kz K : n,xXn,

Z:.n,Xn,

Xdata : nbxntxnx [0 = enCOdeCX[I 9 ®3 :l)



As always, be careful with sizes

K:n,Xn,
Lyes = KL

Z:.n,Xn,
Xdata:nbxntxnx [0 = enCOdeCX[I, ®3 :l)
zZ =7Z'K' Z1 = torch.matmul(Z0, K.T)






SINDy plus autoencoder

Data-driven discovery of coordinates and
governing equations

Kathleen Champion®', Bethany Lusch®, J. Nathan Kutz?, and Steven L. Brunton?*



o

. A
[ 4 * o
NS A%z

BN S

X 00009000 >

7

»_ & r ey’
.Q.“ '-'Q:“ e .0.0

N - .
L ]
Jed e [

N

reconstruction loss

|

K N BN
&

<
6666-6000

. &> - o ’
¥ 7’ .3' ~"an b
L ] - o

VIR
VA A NI

A et XA

LAY A
Sl
a > ?

>
N
™~
N—

SINDy loss in x

212223

1 21 29 23 z% 2129

SINDy loss in z

2

25 &162&3

p—
oy

=l

SINDy
regularization



